The methods employed here can also be used to solve a large class of nonlinear evolution equations with variable coefficients.
Introduction
Propagation of solitons in nonlinear inhomogeneous systems has been the subject of intense investigations in recent years. Due to the inhomogeneities of media and nonuniformities of boundaries, the variable-coefficient nonlinear evolution equations can be used to describe the real physical backgrounds [1] . Variable coefficients are able to represent, e.g., the fluid density, viscosity, velocity, inhomogeneities in optic fibers and external force on plasmas with cosmic dust [2] . It should be noted that the In recent years, the aspect of integrability of nonlinear partial differential equations (NLPDEs) has attracted more attention in nonlinear science and theoretical physics. As well-known a large variety of NLPDEs are used for describing many important phenomena and dynamic process in diverse systems such as shallow water waves, DNA excitations, matter waves in Bose-Einstein condensates, and ultrashort pulses (or laser beams) in nonlinear optics. Therefore, the finding of closed form solutions is of great value in understanding widely different physical phenomena arising in various fields. One of the important exact solutions is the quotedblleft soli-ton solutionquotedblright , because the soliton approach is universal in different fields of modern physics. In order to obtain the exact solutions, a number of ansatz methods have been developed, such as, the subsidiary ordinary differential equation method (sub-ODE method for short) [3, 4] , solitary wave ansatz method [5, 6] , sine-cosine method [7, 8] , Hirota bilinear method [1, 9] , F-expansion method [10] , tanh method [11] [12] [13] [14] , and so on. Without these modern methods of integrability, many such equations would not have been solved, thus leaving many scientific questions unanswered [5] . In terms of constructing exact solutions, Zhao et al. [15] (based on the work of Gao and Tian [16] ) developed the Jacobi elliptic function expansion method to obtain the exact soliton-like solutions of a KdV equation with variable coefficient. Based on the prescription of Zhao et al. [15] , Kumar et al. [17] have recently investigated the soliton-like solutions of certain types of nonlinear diffusion-reaction equations involving a time-dependent convective flux term. The authors have paid particular interest on a special kind of nonlinear diffusion-reaction equations exhibiting quadratic and cubic nonlinearity terms. In this work, we extend the application of Zhao et al. [15] method to solve the generalized Burgers-Huxley equation, with arbitrary power of nonlinearity and time-dependent coefficients:
where α( ) γ ( ) and δ( ) are nonzero time-dependent coefficients, and is a constant. This work shows the effectiveness of Zhao et al. [15] method to solve NLPDEs with higher degree of nonlinearity after proving it's consistence in solving other nonlinear evolution equations (namely, the KdV equation in Ref. [15] and certain types of nonlinear diffusion-reaction equations in Ref. [17] ) involving quadratic and cubic type nonlinearity. Here we also obtain the exact bright soliton solution and dark soliton solutions by means of the solitary wave ansatz method. Note that it is of considerable interest to explore the soliton-like solutions of a NLPDE when the parameters depend explicitly on time.
Note that, to our knowledge, soliton-like solutions for the generalized Burgers-Huxley equation with timedependent coefficients (1) have not been reported. This paper will be organized as follows: In Section 2, a new variety of soliton-like solutions of the model Eq.
(1) will be constructed with the method of Zhao et al. [15] . Exact analytical bright and dark soliton solutions will be obtained by using the solitary wave ansatz method and the conditions of existence of solitons will be presented for the model Eq. (1) in Section 3. Section 4 will be reserved for conclusions.
Mathematical analysis
The Burgers-Huxley equation with constant coefficients reads [18] ,
where and are constants. In case when = 0, equation (2) collapses to the case of regular Huxley equation. This equation is used for nerve propagation in neurophysics and wall propagation in liquid crystals [19] . However, in other cases related to the propagation of pulses in inhomogeneous media a nonlinear equation with varying coefficients is required to account for observations not explained by the nonlinear equation with constant coefficients. In such a case, the Burgers-Huxley equation with variable coefficient can exhibit richer nonlinear dynamics and describe correctly the wave propagation in these systems. A problem of our interest consists in searching the solitonlike solutions of the generalized Burgers-Huxley equation with time-dependent coefficients of the form
where α ( ) γ ( ) and δ ( ) are nonzero time-dependent coefficients, is a constant, and > 1. The variables and indicate the wave local time and the propagation distance, respectively. Such equation may be used as a model equation describing the wave dynamics in inhomogeneous media. It is worth pointing out that the last term includes three contributions: a linear term and two nonlinear terms +1 and 2 +1 . Particularly, when α ( ) = 0 and = 1, this equation reduces to the FitzHugh-Nagumo equation [20, 21] . To investigate the travelling propagation solution of the model Eq. (3), we first introduce the following transformation
We can obtain an equation for as
The next crucial step is to express the solution of the resulting Eq. (5) by adopting the ansatz of Zhao et al. [15] with a modification for the solution of (5) as follows
where = ( ) 1 = 1 ( ) = ( ) and = ( ) are functions of to be determined, and A, B, and C are constants. The choice of the ansatz solution (6) is dictated by the fact that an homogeneous balance between the highest-order derivative term and the nonlinear term 4 in (5) is considered. Substituting (6)- (8) into (5) and equating the coefficients of 0 1 2 3 4 and to zero, we respectively obtain
Thus we have seven equations for four unknown timedependent functions ( ) 1 ( ) ( ) and ( ) We clearly see that Eqs. (14) and (15) (16) which forces the condition of existence of traveling wave solutions to be
Substituting (16) into (12) yields
which serves as a constraint relation between the functions ( ) and 1 ( ). Solving (9), we get the following expression:
where 0 is an integration constant. Relation (19) allows us to determine the explicit expressions of ( ) when the values of and δ ( ) are given precisely. Inserting (9), (16) and (18) into (10), we obtain an ODE for 1 ( ) in the form
where the constants θ 1 θ 2 and θ 3 are given by
Evidently, the integration of (20) determines the function 1 ( ) as follows
where 0 is an integration constant, and
23) The -dependence of the wave parameter ( ) can be found from integrating (14) or (15) as
Importantly, explicit expressions of the functions ( ), ( ), ( ) and ( ) can be exactly determined through Eqs. (16), (18), (19) , (22) and (24) by choosing suitable values of and δ. Let us give a typical example to show that a set of the time-varying parameters of our problem can be calculated explicitly. An interesting physical situation is when the coefficients are equal to = 1 = −1 α = 0 and δ is a constant; this case reduces the considered Eq. (3) to the so-called Newwell-Whitehead equation [22, 23] . Under these conditions, ( ) can be determined explicitly following to (19) as (25) Note that, in this case, the constants θ 1 θ 2 and θ 3 in (21) will be equal to
so that the parameters 1 and 2 in (23) are reduced to
and therefore the function 1 ( ) in (22) is
where K 1 is a constant equal to
For the same case, the -dependence of the function ( ) is found from substituting (28) into (16) as
and consequently, we get the function ( ) by inserting (29) into (24) . Having obtained the expressions for the pulse parameters ( ), ( ), ( ) and ( ) for a given value of > 1, we construct a family of exact analytic solutions for Eq. (3) by substituting (6) and (7) into (4) as follows
with ξ = ( ) + ( ) We now turn to the auxiliary equation (8), where one can exploit the existence of several kinds of solutions depending on the arbitrary constants A, B, and C . In this sudy, we focus only on the the exact soliton type solution. We solved Eq. (8) analytically and found the following soliton-like solutions: 
which exist provided that C > 0 andbf B 2 − 4AC > 0 We also found that the auxiliary equation (8) 
Application of the soliton ansatz
In this section, we focus on the investigation of exact bright and dark soliton solutions for the generalized BurgersHuxley equation with variable coefficients (3), by using the solitary wave ansatz method. Note that fundamental bright and dark solitons are of great interest, not only because the described Burgers-Huxley equation has interesting mathematical properties but also because such solitons may have promising practical applications in a large variety of nonlinear media. We further report the conditions for the existence of such solutions in terms of the time-dependent model coefficients. The solitary wave ansatz method admits the use of solutions of the form [24] [25] [26] 
and
for some parameters A = A ( ) D 1 = D 1 ( ) λ = λ ( ), = ( ), B = B ( ) and > 0 that are to be determined. From (35) and (36), we have
Bright solitons
By substituting the expressions (37)- (39) into (3), we have
which is satisfied only if the following conditions holds:
Let's first solve Eq. (44) so that
which means that the exponent in the bright soliton solution is dependent on the power law nonlinearity parameter. Of course, it is necessary to have > 1 for solitons to exist. Now taking into account the fact that the soliton parameter we want to determine from (48) is a function of time, one can split (48) into two equations as follows
The integration of (50) gives
where B 0 is an integral constant related to the initial pulse inverse width. This means that the inverse width of the soliton remains constant when the pulse propagates in the varying system. Substituting (52) into (51) and integrating with respect to the time variable leads to
This implies that the pulse velocity is only affected by the time-dependent coefficient α ( ).
If we now solve Eq. (47), we obtain
where A 0 is an integral constant related to the initial pulse amplitude. Eq. (54) shows that the pulse amplitude A ( ) is affected by the time dependence of the distributed coefficients γ ( ) and δ ( ). If setting γ ( ) = δ ( ) = 0 the soliton amplitude A ( ) is deterministic. It should be noted that the expression (45) with (54) yields the -dependence of the soliton parameter B as
On the other hand, the two values of the soliton parameter B( ), given by (52) and (55), are set equal to one another, if the following consistency condition between the width B 0 and the coefficients of the equation (3) holds
as long as D 1 > 1 Thus, relation (56) serves as a condition for the bright soliton solution to exist for the model Eq. (3) . Finally, by solving Eq. (46) we get the function D 1 ( ) as
Having obtained the expressions for the pulse parameters A ( ) , B ( ) D 1 ( ) and ( ), we construct a family of bright soliton solutions which are also known as bellshaped solitons for the generalized Burgers-Huxley equation with variable coefficients (3) as follows
where the soliton velocity is given by (53), and the amplitude of the soliton is shown in (54) while the inverse width is unaffected by any kind of variations. It should be noted that this solution exist provided that the constraint relation (56) is satisfied.
Dark solitons
By substituting the tanh assumptions (40)- (42) into (3), we have
From (59), equating the exponents + 2 and (2 + 1) gives to zero yields
Now, setting the coefficients of the remaining linearly independent functions to zero gives
Inserting (62) into (63), we obtain
This leads to
where A 0 is an integral constant. Furthermore, the integration of (64) with respect to the time variable gives
where λ 0 is an integral constant. In view of (69) and (70), we see that the soliton parameter A( ) and λ ( ) remains constant during the pulse propagation in the inhomogeneous media. Now using (66) and (70), we easily get
Let us now rewrite Eq. (65) in the following form
Taking into account the fact that the soliton parameter we want to determine from Eq. (72) is a function of time, one can split Eq. (72) into two equations as follows
The integration of (73) gives
where B 0 is an integral constant related to the initial pulse inverse width. Inserting (75) 
which exist provided that γδ < 0
Conlusion
In this study, after using an appropriate transformation, we employed the method of Zhao et al. [15] used recently for the solution of KdV equation, to investigate the soliton-like solutions to the generalized Burgers-Huxley equation with time-dependent coefficients. Further, we construct explicit bright soliton solution and dark soliton solution by using the solitary wave ansatz method. As a result, certain types of exact travelling wave solutions for this equation, which contain soliton-like solutions, kinkshaped solitons, bell-shaped solitons, are obtained. The applied methods will be used in further works to establish more entirely new soliton solutions for other kinds of nonlinear evolution equations with variable coefficients arising in mathematical physics.
